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Bifurcation analysis of a network of three catalytic combustors with periodically
switched feed position is carried out. The influence of the switch time, of the feed
temperature and of the heat exchange coefficient at the wall on the dynamical behavior is
studied by a numerical continuation technique based on the spatiotemporal symmetry of
the forced system. Symmetric and asymmetric periodic regimes are detected as the
bifurcation parameters are changed. The stability range of periodic ignited regimes and
their bifurcations are analyzed. In particular, it appears that some complex regimes are
the only stable ignited regimes at ambient feed temperature in several operating condi-
tions. © 2006 American Institute of Chemical Engineers AIChE J, 52: 2812–2822, 2006
Keywords: loop reactors, nonlinear dynamics, symmetric dynamical systems, periodically
forced chemical reactors, bifurcation analysis

Introduction

Autothermal catalytic combustion in packed beds is often used
to decontaminate polluted volatile organic compounds (VOCs)
(see for a review Kolios et al.1). Catalytic combustion requires
relatively high-temperatures of the catalytic bed, and, thus, feed
preheating is needed: the cold, fresh, gaseous feed stream is
preheated by the hot, exhausted, outlet gases in an external heat
exchanger. However, this technique becomes exceedingly expen-
sive for very low-fuel load, and, in some cases, unaffordable.

Several studies have shown that autothermal catalytic combus-
tion can be efficiently carried out in periodically forced reactors,2

as for example in reverse flow reactors (RFRs). The RFR opera-
tion was originally suggested by Cottrell3 as an efficient way to
process dilute pollutant mixtures having low-adiabatic tempera-
ture rises. Indeed, experimental and theoretical studies have
shown that a significant improvement of energetic costs is ob-
tained for catalytic combustion of lean VOCs mixtures by exploit-

ing the high-heat capacity of catalytic fixed-bed reactors.4-8 Stable
dynamic regimes are obtained by periodically inverting the flow
direction.9, 10 In such a way, after an initial transient, a bell shaped
temperature profile is obtained, which moves inside the reactor in
a periodic fashion, trapped by the reversing of flow: In such a way,
cold and very lean VOC mixtures can be conveniently processed.

RFRs have proven to be cost-effective also for other cata-
lytic processes. For example, the temperature decrease at both
reactor exits typical of RFRs make these reactors useful to
improve the yield of equilibrium-limited exothermic reactions
(for example, methanol synthesis;11-13 ammonia synthesis;14, 15

sulfur dioxide oxidation9, 16).
An intrinsic disadvantage of RFRs is the washout effect:

immediately upon flow reversal, a fraction of reactants is lost at
the end of each cycle. To overcome this problem, Matros14 has
explored several configurations capable of inducing stable dy-
namic regimes. Washout problems was analyzed by Vanden
Bussche and Froment17, who proposed as a remedy the “star”
reactor configuration. Networks of two or more catalytic beds
reactors are one of most promising alternative to overcome
washout problems.14, 18, 19 In such a configuration, the dynamic
regime is reached by periodically varying the feed position ac-
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cording to a cyclic permutation of the reactor sequence. In effi-
cient operating conditions, the heat front propagates in a virtually
closed loop while keeping constant the flow direction in each
reactor. Haynes and Caram18 and Fissore and Barresi20 compared
reverse flow reactors and networks for catalytic combustion. They
pointed out that, in the operating conditions they chose, not only
washout is drastically reduced, but also catalyst results to be more
uniformly used in the network configuration. Both articles, how-
ever, show that in the case of networks, the range of switch times
where periodic regimes are stable is very narrow.

Recently, in a very interesting analysis Sheintuch and
Nekhamkina21, 22 derived two limiting models for loop reactors,
one obtained for very fast switch, and the other for infinite
number of reactors. Their numerical simulations are based on a
pseudohomogeneous one-dimensional (1-D) model of an adi-
abatic catalytic-bed reactor in which a generic irreversible
exothermic reaction occurs. A theoretical analysis to determine
the range of T-periodic regimes (there called pulse rotating
waves21, 22) is also presented. Their analytical criteria is based
on the thermal front velocity for adiabatic catalytic reactors
described with pseudohomogeneous models proposed by
Burghardt et al.23. Sheintuch and Nekhamkina22 also showed
with numerical simulations that by increasing the number of
the loop units the results approach those obtained with the
limiting model for an infinite number of units.

A pseudohomogeneous model, however, may be not able to
capture the dynamics of catalytic forced reactors.24 Furthermore,
for small number of units and intermediate switch velocity, the
dynamics of loop reactors can be much more complex:22,25,26 in
addition to simple periodic regimes with period equal to the
forcing period, multiperiodic, quasi-periodic and even chaotic
regimes can be found. The presence of such complex regimes are
mainly due to Neimark-Sacker bifurcations and frequency locking
phenomena, that are very common in periodically forced systems,
where the natural and forcing frequency interact.26-29

The knowledge of all possible regimes when the relevant
design and operation parameters are changed is required to
properly design and control periodically forced reactors. Bifur-
cation analysis is then the natural tool to investigate their
dynamics, as it proves to be particularly useful for identifying
multistability regions (for example, 30-32).

An efficient methodology for bifurcation analysis with pa-
rameter continuation of periodically forced networks consisting
of identical lumped parameters reactors was proposed by Russo
et al.33 This methodology, that was recently also applied to dis-
tributed parameters reactors,26 is based on the spatiotemporal

symmetry properties of those systems, and on the use of a non-
stroboscopic map. This technique is completely general and inde-
pendent by the number of reactors of the loop, and it applies to a
wide class of reactor systems that exhibit the symmetry Zn�S1,
the symmetry depending only on the periodic forcing.33

In this article, we exploit this approach to study the nonlinear
dynamics of a forced network of three fixed-bed reactors mod-
eled as heterogeneous distributed parameter systems where
catalytic combustion of VOCs takes place. In particular, we
characterize, through bifurcation analysis, the stability domain
of periodic regimes when the switch time, the feed temperature
and the heat-transfer coefficient at the wall are changed.

Mathematical model

A variety of mathematical models with different level of
complexity is available from the literature to describe the
dynamics of fixed-bed reactors (for example, Froment and
Bischoff34). Two classes of 1-D-models are commonly adopt-
ed: pseudohomogeneous models, which assume the same con-
centration and temperature for both solid and fluid phases that
are treated as a single phase with properly averaged properties,
and heterogeneous models, which account separately for mass
and energy balances in both phases. When the temperature
differences between the two phases are small, the predictions
of both models are very close. In such a case, the simpler
pseudohomogeneous description should be preferred. Some
care should be paid, however, when the reactor is periodically
forced. Indeed, simulations and bifurcation analysis performed
by Khinast et al.24 indicate that the pseudohomogeneous and
the heterogeneous models for a RFR can predict different
dynamic behaviors even when under steady operations the
two-model give similar predictions. The difference emerges
when the periodic forcing enhances temperature gradients be-
tween the phases. Moreover, for loop reactors differences are
expected on the front velocity, and on the stability as suggested
by Sheintuch and Nekhamkina22.

In this work, in view of the importance of the possible
differences between the phases, each fixed-bed reactor of the
loop is modeled as a heterogeneous system. It is assumed that
the fuel reacts following a first-order kinetics.24 A similar
model was implemented by Řeháček et al.35, 36 for analyzing
the dynamics of a reverse-flow reactor, but in this work a
pseudo steady-state hypothesis for mass balance in the solid
phase is assumed.

The following mathematical model for each catalytic reactor
is then used
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In Eq. 1 the index i identifies the reactor. All the symbols are
explained in the Notation.

The following boundary conditions for concentration in the gas
phase and temperature in the solid and gas phases are assumed
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In Eqs. 1–3, the same nomenclature and dimensionless param-
eters of Řeháček et al.35 have been adopted. As illustrated in
Figure 1, the function f(t) is a square wave that accounts for the
discontinuous feed scheme with 	 as the switch time. The
reactors are fed according to the sequence 1-2-3 in the time
range [0,	]; after the first switch, that is in the range [	,2	], they
are fed according to the sequence 2-3-1; then, after the second
switch (t � [2	, 3	[), the reactors are fed as the sequence
3-1-2; the next switch brings the feed sequence to the first one,
that is, 1-2-3, and the permutation cycle restarts (see Figure1).

It is apparent that the vector field changes discontinuously in
time, and it recovers the same form after a time T � 3	. Indeed,
f(t) is a discontinuous periodic function with minimum period
T, and the nonautonomous system 1-3 is, thus, T periodic.

The reactor model (Eqs. 1–3) can be written in abstract form
as the following dynamical system

� ẋ � F�x, �, t� F�x, �, t� � F�x, �, t � T�
x�t0� � x0

(4)

In Eq. 4, x � (x1( z, t), x2( z, t), x3( z, t)) is the state vector
of the system, xi � ( yg,i( z, t), �g,i( z, t), �s,i( z, t)) is the state

vector of each reactor, and � � (	, Peg
m, Jg

m, Peg
h, Jg

h, �, Js
m,

Da, Pes
h, Js

h, B, �̃) is the parameter vector.

Results

The spatiotemporal patterns predicted as parameters are
changed are classified by making use of symmetry properties of
the model and bifurcation theory. This section is structured as
follows. First, symmetry properties of reactor models and of
spatiotemporal patterns are discussed. Then, we report a de-
tailed analysis of the local bifurcations encountered when the
switch time is varied for a fixed-feed temperature value. Next,
the influence of the inlet temperature on the network dynamics
for different switch times is addressed. Hysteretic phenomena
and multistability are detected and discussed. Finally, the in-
fluence on the dynamics of the heat-transfer coefficient at the
wall is examined.

All the parameter values that are kept constant throughout
the article are reported in Table I.

Symmetry Properties

The loop reactor under investigation is a T-periodic discon-
tinuous system, and, thus, fundamental regimes are T-periodic
solutions, which manifest as periodic spatiotemporal patterns
for the distributed nature of the model. Invariance properties
can be easily recognized from the analysis of the evolution
profiles in each reactor. An example of a spatiotemporal pattern
corresponding to a T-periodic regime is reported in Figure 2.

In Figure 2, each box corresponds to a different reactor, the
horizontal coordinate is the dimensionless axial position, and
the vertical coordinate is the time made nondimensional
through the switch time. The correspondence between the level
of concentration and temperatures and the gray scale is re-
ported in the figure legend. During the first time interval 0 	
t 	 1, the reactor 1 is fed with fresh reactant and the output
stream exits from reactor 3. The temperature front forms in the
first reactor, and then moves along axially. According to the
forcing policy, after the first switch, a new front forms and
moves along the second reactor, then after the second switch
the same happens in the third reactor. From a global point of
view, this means that the profiles in each reactor at time t are
simply shifted to the next reactor at time t
	. Namely, the
following relation holds

x1�z, t� � x2�z, t � 	� � x3�z, t � 2	�. (5)

Figure 1. Three catalytic reactors with variable feed and
discharge positions.
The forcing function f(t) appearing in Eq. (2) is also reported.

2814 DOI 10.1002/aic Published on behalf of the AIChE August 2006 Vol. 52, No. 8 AIChE Journal



Thus, this regime is a discrete traveling (or rotating) wave,
or, more picturesquely, a ponies on merry-go-round solu-
tions.37 It should be noted that Sheintuch and Nekhamkina22

call these solutions “rotating-pulse solutions”. It can be easily
verified that the property expressed in Eq. 5 is due to the
spatiotemporal symmetry of the periodic regime. Indeed, with

G the linear operator that takes into account the permutation
order of the reactors

Gx�z, t� � �0 I 0
0 0 I
I 0 0

��x1�z, t�
x2�z, t�
x3�z, t�

� � �x2�z, t�
x3�z, t�
x1�z, t�

� (6)

where I is the identity operator (Ixi � xi), the following
invariance property holds true

x�z, t� � Gx�z, t � 	� (7)

Of course, the invariance property in Eq. 7 can be generalized
to a generic number, N, of reactors. Equation 7 generalizes a
result of Swift and Wiesenfeld38. The presence of spatiotem-
poral symmetry in the solutions of the dynamical system given
by the Eq. 4 is strictly connected to the periodic forcing.
Indeed, the periodic discontinuous forcing introduces symme-
try in this dynamical system even when the unforced system
would not possess any spatial symmetry as demonstrated by
Russo et al.26, 33 In the case under investigation, this spatio-
temporal symmetry obeys the following invariance property

GF�x, �, t� � F�Gx, �, t � 	� (8)

As the equality G3 � I holds true, G is the generator of a
spatial symmetry group isomorphic to the cyclic group Z3.

39 A
relation similar to Eq. 8 also holds for G2, the time shift being
in such a case 2	. Details on the spatiotemporal symmetry of
the system can be found in Russo et al.26, 33 Despite the
symmetry of the model equations, also asymmetric regimes
may be found. For the asymmetric regimes, the Eq. 5 does not
hold true, therefore, each reactor experiences a different time
history. It is worth noting that in this case a multiplicity of
G-conjugate asymmetric regimes is forced by the symmetry
properties of the model and their selection depends on the
choice of the initial conditions.33 Examples of spatiotemporal
patterns of three coexisting G-conjugate asymmetric 2T-peri-
odic regimes are reported in Figure 3a,b,c, respectively. The G
relationship among the three reported regimes is apparent.

Furthermore, if we focus our attention on the regime re-

Table 1. Parameter Values in Eqs. 1–3

Da � Lrin/(
�s) Damköler number 0.32
� Effectiveness factor of the catalyst 1.
�̃ � E/(RT*0) Nondimensional activation energy 16.68
Peg

m � L
/D Péclet number for mass in gas phase 105.82
Peg

h � �gcpgL
/kg Péclet number for energy in gas phase 214.66
Pes

h � �scpsL
/ks Péclet number for energy in solid phase 0.48 105

Le � (�gcpg� 
 (1 � �)�scps)/�gcpg� Lewis number 1281
Jg

m � kmaL/(
�) Nondimensional mass transfer coefficient 5.67
Js

m � kmaL/(
�s(1 � �)) Nondimensional mass transfer coefficient 7.63
Jg

h � hfcaL/(�gcpg
�) Nondimensional heat transfer coefficient 9.46
Js

h � hfcaL/(�scps
(1 � �)) Nondimensional heat transfer coefficient 7.5 10�3

B � �HCA,in�/(�gcpgT*0) Nondimensional adiabatic temperature increase 0.0097
�in Nondimensional inlet gas temperature �3.5
yg,in Nondimensional inlet conversion 0.
�w � (T*

w � T*0)�/T*0 Nondimensional wall temperature �9.6
� � 4hfwL/(�gcpgdr
�) Nondimensional heat transfer coefficient at the wall 0.24

Characteristic values of variables: inlet concentration Cin � 0.003 kmol/m3, 
 � 2 m/s, L � 0.17 m and a T0 � 730 K (Řeháček et al.35).

Figure 2. Spatiotemporal patterns of the (a) gas phase
conversion, (b) solid phase temperature and
(c) gas phase temperature for � � 4,000, Tin�
240 C and � � 0.24. Each box corresponds to
a reactor unit.
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ported in Figure 3a, reactors 1 and 3 appear thermally more
stressed than reactor 2, as, there, higher-temperatures are ex-
perienced on the average. Hence, VOCs oxidation takes pref-
erentially place in reactors 1 and 3 rather than the reactor 2, and
the catalyst is not uniformly exploited. Of course, similar
considerations can be done for the other two G-conjugate
regimes reported in Figure 3b and c. It should be emphasized
that strongly nonuniform catalyst utilization is the rule and not
the exception when attaining asymmetric regimes. Indeed,
since in such a case the three reactors experience different
thermal histories, higher temperatures have to be expected in
some reactors with respect to others. Symmetry breaking bi-
furcations leading to local temperature rises could of course
have negative effects on catalyst activity and, hence, should be
adequately prevented. The analysis of the symmetry properties
of the reactor network provides useful guidelines when design-
ing a robust control system. A rather obvious implication, for
example, is that temperature sensors have to be placed in at
least two different reactors in order to detect the onset of
symmetry breaking. The possible nonuniform use of the cata-
lyst in the presence of asymmetry suggests to reconsider the
comparison between network of reactors and reverse flow
reactor,20 as the conclusion that a network of reactors deter-
mines a more uniform catalyst use with respect to the reverse
flow configuration is correct only in the case of symmetric
regime.

A systematic and accurate analysis of the symmetry breaking

phenomena can be carried out through bifurcation analysis and
parameter continuation. The bifurcation analysis can be con-
ducted as proposed in33 with application of pseudoarchlength
continuation methods to numerically calculated Poincaré map,
P. This technique is here used to obtain solution diagrams of
symmetric T-periodic regimes.

Influence of the switch time �

The switch time is an important operating parameter as a
proper forcing may induce reactor ignition, and it can be used
as manipulated variable in a control law.40 Numerical simula-
tions showed its relevance in both design and operation.19

Thus, the knowledge of the bifurcation behavior of the reactor
network as the switch time is varied is of value as it allows a
quick and complete characterization of reactor performances in
terms of ignition and switch off.

The regime solution diagram shown in Figure 4 presents the
influence of the switch time on network dynamics. Stable and
unstable T-periodic symmetric regimes are reported in Figure
4. The feed temperature value is fixed at 240 C. It should be
noted that at this value of the feed temperature the unforced
system does not exhibit stable ignited regimes. Solid lines in
Figure 4 represent stable T-periodic regime, whereas dashed
lines refer to unstable regimes. Filled triangles are used for Flip
bifurcations (F1 and F2) and Saddle-Node bifurcations are
indicated with letter S. Values of the switch time 	 at the
bifurcation points are reported in Table 2.

Figure 3. Spatiotemporal patterns of the temperature in
the gas phase of three coexisting G-conjugate
2T-periodic regimes for � � 1,000, Tin � 100 C
and �� 0.24.
Each box corresponds to a reactor unit.

Figure 4. Symmetric T-periodic solution diagram with
the switch time, �, as bifurcation parameter for
Tin � 240 C and � � 0.24.
The solution is reported with the gas temperature at the
network exit, C. Solid lines: stable T-periodic regimes; dashed
lines: unstable T-periodic regimes; Fold bifurcations are indi-
cated with the letter S, Flip bifurcations are indicated with the
letter F and filled triangles.

Table 2. Switch Time Values � at the Bifurcation Points
shown in Figure 4

	

S1 197
S2 536
S3 1326
S4 8030
F1 450
F2 482

2816 DOI 10.1002/aic Published on behalf of the AIChE August 2006 Vol. 52, No. 8 AIChE Journal



It is apparent from Figure 4 that the switch time has a
profound effect on the loop-reactor performances. In particular,
two ranges characterized by different features and dynamical
behaviors are detected. Two disconnected isolae of symmetric
T-periodic regimes are found when the switch time is varied.
At high 	-values, two catastrophic saddle-node bifurcation
points S3 and S4, delimitate an isola of symmetric T-periodic
regimes (note that the lower branch of the isola is barely
distinguishable from the nonignited branch). T-periodic high-
conversion regimes corresponding to the upper branch of the
isola are stable, and coexist with stable nonignited regimes.
Hence, the loop reactor is ignited for 	S3 	 	 	 	S4, but for 	
� 	S4 the forcing is not able to sustain autothermal VOCs
oxidation. Stable high conversion T-periodic regimes attained
for 	� [1326, 8030] are characterized by thermal and conver-
sion fronts traveling along the loop reactor.

The limiting conditions for ignition, 	S3 and 	S4, deserve
some comments for their importance in operations. Analytic
criteria for these two critical conditions were proposed by
Sheintuch and Nekhamkina22. These criteria are based on a
theoretical prediction of the front velocity23 within pseudoho-
mogeneous assumption and adiabatic operations. The predicted
lower value, 	S3, is the reciprocal of the ratio between effective
and solid heat capacities (called Le in 22, 23). The value here
determined through bifurcation analysis for 	S3 (that is, the

saddle-node bifurcation S3) for the heterogeneous model is
very close to the reciprocal of Le (1281) in agreement with the
analytic prediction. The agreement is explained by considering
that, the lower limit (	 � Le equivalently Vsw � 1/Le) repre-
sents the condition in which the switch velocity is equal to the
maximum front velocity. It is obvious that the reactor network
considered lives from moving an exothermic reaction front
around. This implies that the feed switching must not be faster
than the front movement to guarantee the propagation of a
reaction front in the network. The maximum front moving
velocity is that of a purely thermal front in packed beds.
Therefore, a switch velocity greater than this value does not
guarantee front formation. Obviously, this condition does not
depend on the model (pseudohomogeneous or heterogeneous,
adiabatic or nonadiabatic).

The saddle node bifurcation point S4 corresponds to the
condition in which the switch velocity Vsw reaches the front
velocity Vfr.22 Spatiotemporal patterns corresponding to sym-
metric regimes are shown in Figure 5 for increasing values of
the switch time.

Symmetry of the T-periodic regimes are self evident, as the
three reactors experience the same thermal histories. Thermal
front velocities are readily evaluated as the slope of the line-
boundary separating the cold region and the hot one. They are
found to be unaffected by the switch time. Indeed, thermal
waves invariably travel along the reactor network at the dimen-
sionless velocity Vfr 
2.5 � 10�4 m/s. The spatiotemporal
patterns become smoother and smoother as the switch time is
increased. At the saddle-node bifurcation S4 (	S4 � 8030) the
switch velocity Vsw reaches the front velocity Vfr, and for
higher values of the switch time thermal front exits the reactor,
thus, leading the reactor to shut-off.

At low-switch time values an isola of unstable symmetric
T-periodic regimes delimitated by two saddle-node bifurcation
points S1 and S2, is also found (Figure 4). No ignited, stable,
T-periodic regime is found for 			S3. Nonetheless, complex ig-
nited regimes are detected in this parameter range, persisting down
to very low-switch time values. These solutions are determined
via simulation, and their asymptotic behavior, which vary with the
switch time, in the range 	 � [30, 1326] is reported in Figure 6. In

Figure 5. Spatio-temporal patterns of the temperature in
the gas phase for (a) � � 3,000, (b) � � 6,000,
and (c) � � 8,000 Tin � 240 C, and � � 0.24.
Each box corresponds to a reactor unit.

Figure 6. Asymptotic behavior for � � [20, 1326] Tin �
240 C and � � 0.24.
The state is represented by the gas temperature at the at the
exit of the NTW.
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Figure 6, one thousand iterates of the Poincarè map after transients
that have died out, are plotted for each 	-value.

It can be noted that for switch time values below the saddle-
node bifurcation point S3, “complex” ignited regimes are
found. Therefore, the saddle-node bifurcation S3 does not cor-
respond to the extinction condition. In fact, as the switch time
is decreased, quasi-periodic and multiperiodic ignited regimes
are detected. Multiperiodic regimes are related to frequency-
locking phenomena, a common feature in forced systems aris-
ing from the interaction between two frequencies, for example,
the natural and the forcing frequencies.27-29, 41 Indeed, quasi-
periodic orbits evolve on an invariant T2 torus, and are char-
acterized by two frequencies that are in an irrational ratio.32 As
the switch time is changed, the forcing frequency varies, and
may “lock” onto the natural frequency when their ratio be-
comes rational, so giving rise to a kT-periodic resonant regime
with periodicity multiple of the forcing period. Multiperiodic
windows become narrower and narrower as the switch time is
further decreased, and eventually only quasi periodic regimes
are found for switch time values lower than 	 � 200.

By way of example, Figure 7 shows some complex spatio-
temporal patterns found at switch times lower than 	S3.

Figure 7a shows a spatiotemporal pattern of a 4T-periodic
symmetric regime, while in Figure 7b a symmetric quasi-
periodic pattern is reported. It is worth noting that in quasi-
periodic condition, switch after switch, the ignition position
irregularly changes, and it does not follow a regular periodic
law anymore. Moreover, although these complex regimes cor-
respond to ignited regimes, below 	S3 there is no time for the
traveling front to form, and this is apparent from the spatio-
temporal patterns (see Figure7). It should be noted that several
multiperiodic regimes encountered for 			S3 are asymmetric.
Indeed, frequency locking phenomena may induce symmetry
breaking26, 42.

A 2T-periodic asymmetric regime is reported in Figure 8. It
is apparent that the asymmetric regimes are characterized by

different spatiotemporal patterns for the three reactors. This
implies, of course, that the average conversion and temperature
in each reactor are not the same as in the case of symmetric
regimes. The occurrence of a multiplicity of asymmetric re-
gimes poses the obvious consequence that the loop reactor runs
in nonuniform conditions, as each element of the network may
experience a different history as already mentioned in the
previous section.

The bifurcation scenario for 			S3 is very complex, and a
detailed description of complex regime transitions like fre-
quency locking phenomena, torus bifurcations and routes to
chaos can be found elsewhere26.

Influence of the inlet temperature Tin.

Another important parameter in design and operation is the
feed temperature. During operations, this variable can experi-
ence significant variations in time possibly causing reactor shut
off if a robust control strategy is not implemented. The influ-
ence of the feed temperature on the forced network dynamics
is here considered first for 	 	 	S3 � Le, then for 	 � [	S3, 	S4]
(see Figure 4). Solution diagrams of T-periodic symmetric
regimes with the feed temperature as bifurcation parameter for
four different switch time values in the range [1,500,6,000] are
reported in Figure 9. Values of the inlet temperature at the
bifurcation points are reported in Table 3.

For 		4,000 (Figure 9a,b) a catastrophic saddle-node bifur-
cation point S1 delimitates a wide inlet temperature range
where coexistence of stable and unstable symmetric T-periodic
regimes is predicted. Stable T-periodic high conversion re-
gimes are found down to ambient temperature. For 	�4,000, a
catastrophic saddle-node bifurcation point, S2, is detected at
inlet temperature values close to the ambient temperature (Fig-
ure 9c,d). This saddle-node bifurcation point marks the limit of
ignited states, shut off occurring for lower inlet temperatures.
The saddle-node bifurcation point S2 shifts at larger inlet
temperature values as the switch time is increased as shown in
Figure10, where the locus of the saddle-node bifurcation (S2) in
the plane Tin-	 is reported. As the switch time is increased this
locus asymptotically approaches the inlet temperature corre-
sponding to the saddle-node S2 (
280 C) calculated for the
unforced network of three reactors. This trend is easily ex-
plained by considering that as the switch time is increased the

Figure 7. Spatiotemporal patterns of the temperature in
the gas phase for Tin � 240 C and � � 0.24.
(a) a 4T-periodic symmetric regime at 	 � 900, and (b) a
symmetric quasi-periodic regime at 	 � 700. Each box cor-
responds to a reactor unit.

Figure 8. Spatiotemporal patterns of the temperature in
the gas phase for a 2T-periodic asymmetric
regime at �� 1085, Tin � 240 C and � � 0.24.
Each box corresponds to a reactor unit.

2818 DOI 10.1002/aic Published on behalf of the AIChE August 2006 Vol. 52, No. 8 AIChE Journal



system tends to become similar to the unforced network, thus
implying a more difficult ignition.

The inlet temperature values at the saddle-node S2 are highly
sensitive to the switch time. Hence, for 	 � [4000, 8000] the
switch time can be conceived as a suitable manipulated vari-
able to reject disturbances in the inlet temperature, and to avoid
shut-off of the network.

As reported in the previous subsection, rich dynamics is
observed at low-switch time values. In this range of switch
time values, the feed temperature plays an important role on the
bifurcation behavior of the network. Figure 11 shows the
regime solution diagrams and the corresponding asymptotic
behavior with Tin as the bifurcation parameter at four different
switch time values (	 � [50, 1000]). Solution branches corre-
sponding to T-periodic symmetric regimes, are reported in
Figure 11a–d as the inlet temperature Tin is varied. The as-
ymptotic behavior is reported in Figure 11e–h as the inlet
temperature Tin is varied in the range [30, 400]. One thousand
iterates of the Poincarè map, taken after transients have died
out, are plotted for each Tin. All remaining parameters have
been kept constant to the values reported in Table 1.

Values of the inlet temperature at the bifurcation points are
reported in Table 4.

At low-feed temperatures, the only stable T-periodic sym-

metric regimes correspond to extinguished conditions. At
larger values of the feed temperature, two saddle-node bifur-
cation points S1 and S2 delimitate a range of coexistence of
three T-periodic symmetric regimes, that is, the reactor network
invariably experiences a hysteresis. As the bifurcation param-
eter is further increased, high-conversion T-periodic regimes
are predicted. It should be noted that this solution branch
becomes stable at a Neimark-Sacker (N-S1) bifurcation for all
the switch time values investigated. Therefore, T-periodic sym-
metric regimes vanish in correspondence of the Neimark-
Sacker bifurcation N-S1. This bifurcation marks the onset of
stable quasi-periodic regimes that extend toward low-inlet tem-
peratures. The bifurcation scenario of T-periodic symmetric
regimes, however, is only slightly affected by the investigated
switch time values (see Table 4). Therefore, the stability range
of high conversion T-periodic regimes does not change signif-
icantly as the switch time is increased in such a range.

It is apparent from the asymptotic behaviors reported in
Figures 11e-h that stable ignited complex regimes are predicted
for Tin 	 T*in,S1

. In particular, coexistence of stable quasi-
periodic or multiperiodic regimes with extinguished T-periodic
regimes is found in a wide range of inlet temperatures close to
the ambient temperature. As Neimark-Sacker bifurcations are
symmetry preserving bifurcations43,44, symmetry breaks
through frequency locking phenomena (Figure11c,d,e,h). An
example of a resonant asymmetric 2T-periodic regime for this
value of parameters was shown in Figure 3.

The basins of attraction of these complex ignited attractors,
and of the nonignited T-periodic attractors regimes are sepa-
rated by the stable manifold of the saddle T2 tori emerging
from the Neimark-Sacker bifurcation point N-S4. In such a
switch time range, autothermal VOCs oxidation could be per-
formed, even at very low-feed temperature, under quasi-peri-
odic or multiperiodic conditions. It could also be noted that as
the switch time is increased windows corresponding to fre-
quency locking phenomena become progressively wider. In-
deed, at the lowest switch time value (Figure 11e), the asymp-
totic behavior is quasi-periodic throughout the explored range.
Conversely, at the largest switch time value (Figure 11h) only
multiperiodic regimes are predicted.

Figure 10. Bifurcation diagram in the plane Tin-� for � �
0.24.
Solid line is the bifurcation locus of bifurcation S2 in Figure
9. Dashed line is the asymptotic behavior of the unforced
network.

Figure 9. Symmetric T-periodic solution diagrams with
Tin as the bifurcation parameter.
The solution is reported as the gas temperature at the end of
the NTW. We use the same symbol defined in Figure 4. (a)
	 � 1,500; (b) 	 � 2,000; (c) 	 � 4,000, and (d) 	 � 6,000.
In all the cases � � 0.24.

Table 3. Values of the Inlet Temperature Tin at the
Bifurcations Points shown in Figure 9 (a) � � 1,500; (b) �

� 2,000; (c) � � 3,000; (d) � � 6,000

Tin (a)

S1 240.62
Tin (b)

S1 237.60
Tin (c)

S1 234.82
S2 493.97

Tin (d)
S1 288.90
S2 473.45
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The situation shown for low switch time values (Figure 11)
is significantly different with respect to that found at higher
switch time values (Figure 9). Indeed, at low switch time
values the switch time does not affect significantly the mini-
mum value of the inlet temperature (Tin-N-S1) for the ignition to
occur in a stable T-periodic regime. Moreover, while in the
case of high switch time values complex regimes are absent,
they exist in a wide range of the inlet temperature for low
switch times.

Influence of the heat-transfer coefficient �

A cooling system can be used to avoid hot spot formations
and catalyst overheating under process conditions, while for
pilot scale reactors is very difficult to avoid heat losses. There-
fore, it can be useful to know the effect of the heat losses on the
dynamics of the loop of reactors.45 This effect is here studied
choosing the heat-transfer coefficient at the wall (�) as a
parameter which takes into account heat losses. In Figure 12
symmetric T-periodic regimes are displayed as the inlet tem-
perature is varied for decreasing heat-transfer coefficient val-

ues, and for four different switch time values (	 	 	S3 � Le,
see Figure 4).

The bifurcation behavior of the network with respect to the
inlet temperature is only quantitatively affected by changes of
the heat-transfer coefficient at the wall. Indeed, as the inlet
temperature is decreased, a hysteresis is always predicted, and
high-conversion T-periodic regimes become unstable through
Neimark-Sacker bifurcations. Nevertheless, as the heat transfer
coefficient is decreased the Neimark-Sacker bifurcation point
giving rise to the onset of ignited quasi-periodic regimes shifts
at lower and lower Tin values, thus enlarging the range of
stability of high conversion T-periodic regimes. However, for
the set of parameters considered in this work, under adiabatic
operating conditions this Neimark-Sacker bifurcation shifts to
inlet temperature values that are not relevant from a practical
point of view.

Figure 11. Symmetric T-periodic solution diagrams (on
the left) and the asymptotic behavior (on the
right) with Tin as the bifurcation parameter.
The solution is reported as the gas temperature at the end of
the NTW. We use the same symbol defined in Figure 4. (a),
(e) 	 � 50; (b), (f) 	 � 300; (c), (g) 	 � 500; (d), (h) 	 �
1,000. In all the cases � � 0.24.

Figure 12. Symmetric T-periodic solution diagrams with
Tin as the bifurcation parameter.
The solution is reported as the gas temperature at the end of
the NTW. We use the same symbol defined in Figure 4. (a)
	 � 50; (b) 	 � 300; (c) 	 � 500; (d) 	 � 1,000. The arrows
indicate the versus of the heat exchange coefficient decrease.
Four values are considered: � � 0.2, � � 0.15, � � 0.1, and
� � 0.

Table 4. Values of the Inlet Temperature Tin at the
Bifurcations Points shown in Figure 11 (a) � � 50; (b) � �

300; (c) � � 500; (d) � � 1,000

Tin (a) Tin (c)

S1 519.14 S1 493.97
S2 240.62 S2 234.82
NOS1 290.96 NOS1 305.25
NOS2 261.53 NOS2 486.52
NOS3 418.92 F1 217.94
NOS4 508.14 F2 245.45

F3 345.39
F4 437.55

Tin (b) Tin (d)
S1 508.16 S1 473.45
S2 237.60 S2 288.90
NOS1 301.25 NOS1 358.69
NOS2 252.48 NOS2 289.34
NOS3 419.05 NOS3 422.87
NOS4 497.59 NOS4 460.41
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From other calculations here not reported for brevity, we
observed that for switch time in the range [	S3, 	S4] (see Figure
4), and independently from the heat losses, there are not bifur-
cations leading to complex regimes. This feature is in agree-
ment with Khinast et al.45 where a RFR is studied. Indeed,
Khinast et al.45 showed in their Figure 7 that above a critical
switch time (
 140) no complex bifurcation is found whatever
the values of the cooling capacity.

Conclusion

In this work, the dynamics of a forced network of three
catalytic combustors has been analyzed by considering the
switch time, the feed temperature and the heat-transfer coeffi-
cient at the wall as bifurcation parameters. Each reactor in the
network is modeled by an heterogeneous model as interphase
gradients are important under forced conditions.24 The com-
plete bifurcation analysis reported is obtained through a con-
tinuation technique based on the spatiotemporal symmetries33

of the network.
A first important conclusion refers to the possible occurrence

of symmetric or asymmetric regimes. As clearly shown, the
existence of asymmetric regimes implies that the three reactors
of the loop experience different spatio-temporal patterns, and,
as a consequence, catalyst utilization is strongly nonuniform
for asymmetric regime, at variance with usual situations ob-
served under symmetric regimes. From a control point of view,
asymmetry implies the monitoring of the state of every reactor
of the network, as their time history are completely different. In
the reactor network here considered, symmetry breaks via
frequency locking phenomena.

A detailed bifurcation analysis of the reactor network with
the switch time as the bifurcation parameter is conducted. The
technique used in this work allows to vary the switch time in a
wide range without using limiting models. The switch time is
found to affect the network asymptotic behavior. In particular,
two isolae of T-periodic regimes were detected, and the ob-
served different performances and dynamical behaviors were
thoroughly characterized.

As the feed temperature is varied, hysteretic phenomena and
multistability were found. At switch time values 	 	 	S3 � Le
quasi-periodic regimes arising from a Neimark-Sacker bifur-
cation repeatedly alternate with multiperiodic regimes through
frequency locking phenomena as the feed temperature is de-
creased. These complex regimes are found to coexist with a
“simple” nonignited T-periodic regime in a wide inlet temper-
ature range extending until the ambient temperature. This bi-
furcation scenario is not qualitatively affected by the heat-
transfer coefficient, but rather the Neimark-Sacker bifurcation
giving rise to quasi-periodic regimes shifts to lower inlet tem-
perature values as the heat-transfer coefficient is decreased.
Therefore, the stability range of symmetric T-periodic regimes
becomes larger and larger when approaching adiabatic operat-
ing conditions.

At switch time values 	 	 	S3 � Le and independently from
the heat-transfer coefficient, a simple hysteresis of symmetric
T-periodic regimes is found as the inlet temperature is changed
and complex regimes are not detected. In conclusion, it appears
that the stability of the reactor network is strongly affected by
variation of the switch time, the feed temperature and by the

heat transfer coefficient, and this fact has to be taken into
account when designing and controlling such loop of reactor.
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Notation

a � catalyst external surface area
cp � heat capacity

CA � concentration of the specie A
dr � reactor diameter
D � mass axial dispersion coefficient
E � activation energy

f(t) � forcing function
G � linear operator defined in Eq. 6

hfc � heat-exchange coefficient between gas phase and catalyst
hfw � heat-exchange coefficient between gas phase and reactor wall
k0 � Arrhenius constant
kg � gas phase axial heat conductivity
km � mass-transfer coefficient
ks � solid phase axial heat conductivity
I � identity operator
L � actor length
R � gas constant
r � reaction rate

S1 � unit circle
t* � time
t � dimensionless time � 
t*/L

T � period
T0 � reference temperature C
v � gas flow rate
V � volume of the reactor
y � conversion � Cin � C/Cin

z* � axial coordinate
z � dimensionless axial coordinate � z*/L

Z3 � cyclic group

Vector and matrix

F � vector field
x � state vector
� � parameter vector

Greek letters

� � effectiveness factor
�H � heat of reaction

� � dimensionless temperature � �̃(T � T0)/T0

� � reactor void fraction
�s � catalyst porosity
� � density
	 � dimensionless switch time

�0,	� evolution operator of the unforced system

Subscripts and superscripts

c � refers to heat exchanger
g � gas phase
h � energy balance

in � feed
m � mass

out � outlet from the system
s � solid phase

w � wall
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